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FANS AND GENERATORS OF FREE ABELIAN ℓ-GROUPS
DANIELE MUNDICI
Abstract. Let t1, . . . , tn be ℓ-group terms in the variables X1, . . . ,Xm. Let
tˆ1, . . . , tˆn be their associated piecewise homogeneous linear functions. Let G
be the ℓ-group generated by tˆ1, . . . , tˆn in the freem-generator ℓ-group Am. We
prove: (i) the problem whether G is ℓ-isomorphic to An is decidable; (ii) the
problem whether G is ℓ-isomorphic to Al (l arbitrary) is undecidable; (iii) for
m = n, the problem whether {tˆ1, . . . , tˆn} is a free generating set is decidable.
In view of the Baker-Beynon duality, these theorems yield recognizability and
unrecognizability results for the rational polyhedron associated to the ℓ-group
G. We make pervasive use of fans and their stellar subdivisions.
1. Foreword and statement of the main result
The literature on (abelian throughout this paper) ℓ-group presentations offers a
small number of decidability/undecidability results, notably the coNP-completeness
theorem for the word problem [22], and the undecidability theorem for the isomor-
phism problem of finitely presented ℓ-groups [11], which follows via the Baker-
Beynon duality from Markov’s unrecognizability theorem for combinatorial mani-
folds [2, 4], [6, 19], [10, Chapter 13]. In this paper novel decidability and undecid-
ability results are proved for ℓ-groups “presented” by their generating sets—rather
than by principal ℓ-ideals of free ℓ-groups. Fans, with their stellar operations,
[8, 17], provide a main tool for the proofs.
We assume the reader is well acquainted with ℓ-groups [1, 5, 9]. Every ℓ-group
term t(X1, . . . , Xm) is canonically interpreted as a piecewise homogeneous linear
function tˆ : Rm → R by setting X̂i = the ith coordinate function πi : R
m → R,
and then inductively letting the operation symbols ∨,∧,+,− act as the pointwise
operations of max, min, sum and subtraction in R. The symbol 0 is interpreted as
the constant zero function over Rn .
Given ℓ-group terms t1, . . . , tn, let V = {X1, . . . , Xm} be the union of the sets of
variables occurring in these terms. It is no loss of generality to assume that all the
variables of V actually occur in each tj . Following [9], we denote by Am the free
ℓ-group over the free generating set π1, . . . , πm. Our first two results in this paper
are as follows:
Theorem 1.1. The following problem is decidable:
INSTANCE : ℓ-group terms t1, . . . , tn in the same variables X1, . . . , Xm.
QUESTION : Is the ℓ-subgroup of Am generated by tˆ1, . . . , tˆn ℓ-isomorphic to An?
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Theorem 1.2. The following problem is undecidable:
INSTANCE : ℓ-group terms t1, . . . , tn in the same variables X1, . . . , Xm, and an
integer l > 0.
QUESTION : Is the ℓ-group generated by tˆ1, . . . , tˆn ℓ-isomorphic to Al ?
In Proposition 6.1 we prove that every finitely generated free ℓ-groupG is hopfian,
in the sense that every surjective ℓ-endomorphism of G is injective, [7, 13, 14].
Combining this result with Theorem 1.1 we obtain:
Corollary 1.3. The following problem is decidable:
INSTANCE : ℓ-group terms t1, . . . , tn in the same variables X1, . . . , Xn.
QUESTION : Is {tˆ1, . . . , tˆn} a free generating set of the ℓ-group it generates in An?
In Section 6 these theorems will be shown to yield recognizability and unrecog-
nizability results for the rational polyhedron canonically associated by the Baker-
Beynon duality to the ℓ-group generated by tˆ1, . . . , tˆn.
2. Preliminary notions and results
It is often the case that the proof of a theorem requires a number of preliminary
results involving many more notions than those quoted in the statement of the
theorem itself. This section and the next one are devoted to such background
notions and their main properties.
Terminological stipulations. Throughout this paper the adjective “linear” is un-
derstood in the homogeneous sense. The number of linear pieces of any piecewise
linear map is finite, and so is the number of elements of any abstract or geometric
complex. The adjectives “decidable, computable, . . . ” stand for “Turing decidable,
Turing computable, . . . ”. Following [20], by a rational polyhedron P in Rn we mean
a finite union
⋃
Si of simplexes Si ⊆ Rn such that the coordinates of the vertices
of each Si are rational. P need not be convex, nor connected. We also let “bd”
denote boundary.
Cones and fans. Following [8], an integer vector v ∈ Zn ⊆ Rn is said to be primitive
if the greatest common divisor of its coordinates is 1. Given vectors v1, . . . , vs ∈ Rn
we denote by pos(v1, . . . , vs) their positive hull in R
n . In symbols,
pos(v1, . . . , vs) = {λ1vi + · · ·+ λsvs | λi ≥ 0, i = 1, . . . , s}. (1)
Any set C of the form pos(v1, . . . , vs) ⊆ R
n is known as a cone in Rn . If in
addition v1, . . . , vs are integer vectors in Z
n then C is said to be a rational cone.
For t = 1, 2, . . . , n, a t-dimensional rational simplicial cone 1 in Rn is a set C ⊆ Rn
of the form
C = pos(w1, . . . , wt)
for linearly independent primitive vectors w1, . . . , wt ∈ Zn ⊆ Rn . The vectors
w1, . . . , wt are called the primitive generating vectors of σ. They are uniquely
determined by C. By a face of C we mean the positive hull of a subset S of
{w1, . . . , wt}. For completeness we stipulate that the face of C determined by the
empty set is the singleton {0}. This is the only 0-dimensional cone in Rn.
By a rational simplicial fan, or just a fan in Rn we mean a complex Φ of rational
simplicial cones in Rn: thus Φ is closed under taking faces of its cones, and the
intersection of any two cones C,D ∈ Φ is a common face of C and D. Note that
the intersection of all cones of Φ is the singleton cone {0}. We denote by |Φ| ⊆ Rn
1Called “simple cone” or “simplex cone” in [8].
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the support of Φ, i.e., the pointset union of all cones in Φ.2 |Φ| need not be convex.
Given two fans Σ and ∆ with the same support, we say that ∆ is a subdivision of
Σ if each cone of Σ is a union of cones of ∆.
For some t = 1, . . . , n let C be a t-dimensional rational simplicial cone in Rn , say,
C = pos(d1, . . . , dt), where where d1, . . . , dt are the primitive generating vectors of
C. Following [8, p.146-147], we then say that C is regular (“nonsingular” in [17,
p.15], “primitive” in [4, p.246-247]) if the set {d1, . . . , dt} can be extended to a basis
of the free abelian group Zn of integer points in Rn. The singleton cone C = {0}
is regular by definition.
A fan is regular (“nonsingular” in [17], “primitive” in [4]) if so are all its cones.
Lemma 2.1. Let Φ be a fan in Rn . Then the regularity of Φ is decidable, once the
set VC of primitive generating vectors of each cone C ∈ Φ is explicitly given.
Proof. Let C be a cone of Φ with its primitive generating vectors v1, . . . , vs ∈ Zn.
From Minkowski’s classical convex body theorem, [12, Theorems 446-447], it follows
that C is regular iff the half-open parellelepiped
PC = {λ1vi + · · ·+ λsvs | 0 ≤ λi < 1, i = 1, . . . , s} (2)
does not contain any integer point except 0. Exhaustive search of such nonzero
integer point in C will then settle the problem whether C is regular. 
Lemma 2.2. For any nonempty closed set W ⊆ Rn the following conditions are
equivalent:
(a) W =
⋃
i Ci for finitely many rational simplicial cones Ci in R
n .
(b) W is the support of a regular fan ∇ in Rn .
Further, the map
⋃
i Ci 7→ ∇ is computable, once the coordinates of the primitive
generating vectors of the faces of each Ci are explicitly given.
Proof. For the nontrivial direction, we first compute a fan Φ with |Φ| =W. This is
the homogenous version of a well known result in piecewise linear topology stating
that every finite union U =
⋃
Ti ⊆ Rn of simplexes Ti in Rn has a triangulation
T , [20, §2, p.32]. If the vertices of each Ti are rational, then so are the vertices all
simplexes in T , and T is computable. Similarly the fan Φ is computable, once the
rational coordinates of the primitive generating vectors of each cone Ci are explicitly
given. Next we construct the desired regular subdivision of Φ into a regular fan
∇ with |Φ| = ∇, using the “desingularization” procedure in [8, proof of Theorem
VI.8.5, p.253], or [4, Proposition 2.1]. Perusal of the proofs of these theorems, or
familiarity with the desingularization of singular fans, shows that the sequence of
stellar subdivisions ∆0 = Φ,∆1,∆2, . . . ,∆u−1,∆u = ∇ in the desingularization
procedure is computable. At each step ∆t 7→ ∆t+1, assuming the fan ∆t is not
regular (a condition that can be decided, by Lemma 2.1) we pick an integer point
x of the half-open parellelepiped PC of some cone C ∈ ∆t witnessing the non-
regularity of C, (notation of (2)). Again, x is given by Minkowski convex body
theorem. Then we let ∆t+1 be the new fan obtained by “starring” ∆t at x. Such
stellar subdivision operation is purely combinatorial, [8, III, Definition 2.1]. The
procedure stops when a regular subdivision ∇ of Φ is obtained. In conclusion, the
map Φ 7→ ∇ is effectively computable, whence so is the map W 7→ ∇. 
2Supports of fans are also known as “rational closed polyhedral cones” in [4, p.244], or “pointset
unions of complexes of rational simplicial cones”, [4, p.248]. Fans provide a combinatorial classifier
for toric varieties, [8, 17].
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B-maps,3 B-homeomorphism. Given a fan ∆ in Rn , by a B-map f : |∆| → Rm we
mean a piecewise homogeneous linear map such that each linear piece of f has in-
teger coefficients. More precisely, f is continuous and there are linear homogeneous
functions l1, . . . , lk : |∆| → R
m with integer coefficients such that for each x ∈ |∆|
there is j ∈ {1, . . . , k} with f(x) = lj(x). In particular, given fans ∆ in Rn and ∇
in Rm , a B-homeomorphism4 of |∆| onto |∇| is an invertible B-map h of |∆| onto
|∇| such that also h−1 is a B-map.
For n = 1, 2, . . . , the free n-generator ℓ-group An coincides with the ℓ-group
of B-maps f : Rn → R, equipped with the pointwise operations of the ℓ-group
(R, 0,+,−,∨,∧). See [1, Theorem 6.3] for a proof.
Lemma 2.3 (Extension). Let ∆ be a fan in Rn . Then every B-map f : |∆| → R
can be extended to a B-map g : Rn → R. In symbols,
f ∈ An |` |∆| = {g |` |∆| | g ∈ An}, (3)
where |` denotes restriction.
Proof. Use [3, Corollary 1 to Theorem 3.1], and note that the general extension ar-
gument given there still holds for complexes of rational cones, provided we replace
Baker’s characterization of finitely generated projective vector lattices, [2, Theo-
rem 5.1], by Beynon’s characterization of finitely generated projective ℓ-groups, [4,
Theorem 3.1]. 
The maximal spectral space of An. Suppose G 6= {0} is a finitely generated ℓ-group.
The spectral (hull-kernel) topology, [5], makes the set of maximal ℓ-ideals of G into
a nonempty compact Hausdorff space µ(G), called the maximal spectral space of G.
The closed sets in µ(G) have the form
Z(h) =
⋂
g∈h
{m ∈ µ(G) | g ∈ m}, (4)
for h ranging over all ℓ-ideals of G.
Lemma 2.4 (Maximal spectral space). µ(An) is homeomorphic to the (n − 1)-
sphere Sn−1, in symbols,
µ(An) ∼= S
n−1.
More generally, in the notation of (3), for every fan Φ in Rn ,
µ(An |` |Φ|) ∼= |Φ| ∩ S
n−1.
Proof. Although this result is well known to specialists, we sketch the proof to help
the reader. We will tacitly use (3) in Lemma 2.3. Given a vector v ∈ Rn , the ray
R≥0v is the halfline {λv ∈ R
n | 0 ≤ λ ∈ R}. For every ray ρ ⊆ Rn , the set of all
functions in An vanishing over ρ is a maximal ℓ-ideal mρ of An. Conversely, for
every maximal ℓ-ideal m of An the intersection of the zerosets
Zf = f−1(0) (5)
of all functions f ∈ m is a ray ρm in Rn . (As a matter of fact, if Zf = {0} then
m = An, against the definition of m. If Zf contains two or more rays ρ, ρ′, then m
is strictly contained in mρ, which is impossible.) The maps ρ 7→ mρ and m 7→ ρm
are the inverse of each other. Evidently, rays are in one-one correspondence with
3As an effect of Lemma 2.3, real-valued B-maps are also known as “piecewise homogeneous
linear functions with integer coefficients” [1, 11, 9], “ℓ-maps with integer coefficients” [2], “integral
ℓ-maps” [3, 4], “radiant functions“ [16], “integral pwhl-maps”, etc. We have taken the liberty of
increasing the terminological entropy of these functions, introducing the two-syllabled neologism
“B-map” as the only new notational stipulation in this paper.
4Also known as integral piecewise homogeneous linear homeomorphism, or ℓ-equivalence.
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their intersections with Sn−1. The definition (4) of the maximal spectral topology
is to ensure that the correspondence m 7→ ρm ∩ Sn−1 is a homeomorphism.
The general case with |Φ| in place of Rn is proved in a similar way. 
3. Applications of Baker-Beynon duality
Building on previous work by Baker [2] on vector lattices, Beynon constructed a
duality D between pointset unions of finite sets of rational simplicial cones with their
B-maps, and finitely presented ℓ-groups with their ℓ-homomorphisms, [4, Corollaries
2-3]. In our fan-theoretic framework, in view of Lemma 2.2 the functor D has the
following equivalent definition:
Objects: For any fan ∆ in Rn ,
D(|∆|) = {f |` |∆| | f ∈ An} = An |` |∆| = {the ℓ-group of all B-maps on |∆|}. (6)
Arrows: Given fans ∆ in Rn and ∇ in Rm , and a B-map b : |∆| → |∇|,
D(b) : f ∈ D(|∇|) 7→ f ◦b ∈ D(|∆|), for short, D(b) = −◦b : D(|∇|)→ D(|∆|), (7)
where “◦” denotes composition.
In particular, D(Rn) = An, and D({0}) is the trivial ℓ-group {0}.
Using Lemma 2.3, Beynon’s main result [4, Corollary 2] can be equivalently
stated as follows:
Theorem 3.1 (Duality). D determines a duality between supports of fans with their
B-maps, and finitely presented ℓ-groups with their ℓ-homomorphisms. Equivalently,
by Lemma 2.2, D gives a duality between supports of regular fans with their B-
maps, and finitely presented ℓ-groups with their ℓ-homomorphisms.
Lemma 3.2. Given elements f1, . . . fn ∈ Am let f : Rm → Rn be defined by f(x) =
(f1(x), . . . , fn(x)), for all x = (x1, . . . , xm) ∈ Rm . Let
gen(f) = gen(f1, . . . , fn) (8)
be the ℓ-subgroup of Am generated by f1, . . . , fn. Then gen(f) ∼= D(range(f)).
Proof. Let R = range(f). The map l ∈ D(R) 7→ l ◦ f ∈ Am yields an ℓ-homo-
morphism of D(R) into gen(f). The map is one-one because if 0 6= g ∈ D(R) (say,
g(x) 6= 0 for some x ∈ R) then 0 6= g ◦ f(z), where z is such that f(z) = x. The
map is onto gen(t) because, by Lemma 2.3, every h ∈ gen(f) has the form g = s◦f
for some s ∈ An. 
Lemma 3.3 (Fans over zerosets). For every f ∈ An there is a regular fan Φ such
that |Φ| = Zf = f−1(0). Once f is specified as f = tˆ for some ℓ-group term
t(X1, . . . , Xn), the map t 7→ Φ is computable.
Proof. We first construct a regular fan Λf in R
n that linearizes f , in the sense that
f is linear over each cone of Λf . To this purpose, we list the linear pieces l1, . . . , lu
of f . Once f is specified as f = tˆ for some n-varlable ℓ-group term t, the li are
obtained effectively—by induction on the number of operation symbols in t. Next,
for each permutation π of the index set {1, . . . , u} we let the cone Cπ ⊆ Rn be
defined by
Cπ = {x ∈ R
n | lπ(1)(x) ≤ · · · ≤ lπ(u)(x)}.
For any such π, f is linear over Cπ . We next compute the sequence of regular
fans ∆1,∆2, . . . defined in [16], until ∆j has the property that every Cπ is a
union of cones of ∆j . The existence of such j is ensured by [16, Lemma 3.7].
The fan ∆j provides the desired linearization Λf . We finally let Φ = {C ∈ Λf |
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f constantly vanishes over C}. By construction, the map Λf 7→ Φ is computable,
whence so is the map t 7→ Φ. 
Lemma 3.4 (Fans over B-images). Let b : Rm → Rn be a B-map. Then there is a
regular fan Θ such that |Θ| = range(b). Once b is specified as b = tˆ = (tˆ1, . . . , tˆn)
for ℓ-group terms ti(X1, . . . , Xm), the map (t1, . . . , tn) 7→ Θ is computable.
Proof. Using [16, Lemma 3.7] as in the proof of Lemma 3.3, we first compute a
regular fan Λb in R
m that linearizes b. The image b(Ci) ⊆ Rn of each cone Ci ∈ Λb
is the positive hull of uniquely given integer vectors vi1, . . . , visi ∈ R
n , which are
effectively computable from Ci and t. The effective procedure of Lemma 2.2 now
provides the required regular fan Θ in Rn with |Θ| = range(b) =
⋃
{Ci | Ci ∈ Λb}.
So the map t 7→ Θ is computable. 
For later use we state Beynon’s characterization of finitely generated projective
ℓ-groups [4, Theorem 3.1] in the following expanded form:
Theorem 3.5 (Characterization of projectives). For any n-generator ℓ-group G
the following conditions are equivalent:
(a) G is projective.
(b) G is ℓ-isomorphic to a finitely presented ℓ-group An/p, where p is a prin-
cipal ℓ-ideal of An, say, p = 〈p〉 = the ℓ-ideal generated by p ∈ An.
(c) G is ℓ-isomorphic to the ℓ-group φ(An), where φ : An → An is an idempo-
tent endomorphism.
(d) G is ℓ-isomorphic to D(O), where O is the zeroset Zf = f−1(0) of some
f ∈ An.
Proof. The equivalence (a)⇔(b) was proved by Beynon in [4, Theorem 3.1].
(a)⇔(c) is a special case of a folklore result in universal algebra.
(b)⇔(d) follows from the canonical ℓ-isomorphism An/〈p〉 ∼= An |`Zp, where Zp
denotes the zeroset of p. As a matter of fact, for a function q ∈ An to belong to the
principal ℓ-ideal 〈p〉 ⊆ An it is necessary and sufficient that Zq contains Zp. Thus,
functions r, r′ satisfy the condition |r− r′| ∈ 〈p〉 iff their restrictions to Zp coincide.
(Caution: this argument may fail if 〈p〉 is replaced by a nonprincipal ideal.) 
Remark 3.6. If in Theorem 1.1 we assume n > m, the answer to the problem
is automatically negative. As a matter of fact, since tˆ is continuous, Lemma 2.4
yields dim(µ(D(range(tˆ)))) = dim(range(tˆ)∩Sn−1) ≤ m−1 < n−1 = dim(µ(An)).
By Lemma 3.2, dim(µ(D(range(tˆ)))) = dim(µ(gen(tˆ))) 6= dim(µ(An)), whence
µ(gen(tˆ)) is not homeomorphic to µ(An), and a fortiori gen(tˆ) is not ℓ-isomorphic
to An. Thus the nontrivial part of Theorem 1.1 is when n ≤ m.
Remark 3.7. If in the statement of Theorem 1.2 we assume n < l, the answer is
automatically negative, because Al does not have a generating set with n elements
only. Otherwise (absurdum hypothesis), by Lemma 2.4 we have l−1 = dim(Sl−1) =
dim(µ(Al)) ≤ dim(µ(An)) = dim(Sn−1) = n − 1, which is impossible. So the
nontrivial part of Theorem 1.2 is when n ≥ l.
The abstract simplicial complex of a fan. Following [4, p.244], from any (always
rational and simplicial) fan Φ we obtain the abstract simplicial complex Φ via the
following construction:
For each cone C ∈ Φ let ∂C denote the primitive generating vectors of C. Then
the set |Φ| of points of Φ is the set of primitive generating vectors of all cones of Φ.
More generally, an element of Φ has the form ∂C, where C ranges over the totality
of cones of Φ. In symbols,
Φ = {∂C | C ∈ Φ}, |Φ| =
⋃
{∂C | C ∈ Φ}. (9)
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The order ≤ in Φ is given by the inclusion order between the sets ∂C, for C ∈ Φ.
Since each primitive generating vector of a cone in Φ has integer coordinates, the
map Φ 7→ Φ is computable, once each cone of Φ is specified via its primitive
generating vectors. Conversely, with the notation of (1), Φ = {pos(K) | K ∈ Φ}.
Two abstract simplicial complexes C, C′ are isomorphic if there is a one-one map
β of |C| onto |C′| such that for any two elements a, b ∈ C, a ≤ b iff β(a) ≤ β(b).
Isomorphism is decidable, through exhaustive search over all one-one maps of |C|
onto |C′|.
Lemma 3.8. Given fans Φ in Rn and Ψ in Rd, we have the following equivalent
conditions:
(i) D(|Φ|) ∼= D(|Ψ|).
(ii) There is a B-homeomorphism h of |Φ| onto |Ψ|, say, h = tˆ for some d-tuple
of n-variable ℓ-group terms.
(iii) Φ and Ψ have regular subdivisions ∆ and ∇ with an isomorphism β of ∆
onto ∇.
Proof. (i)⇔(ii) is an immediate consequence of Theorem 3.1.
(iii)⇒(ii) follows from [4, Corollary 3]. Precisely the assumed regularity of Φ and
Ψ ensures that the existing isomorphism β of ∆ onto∇ determines a piecewise linear
homeomorphism hβ of |∆| onto |∇| which linearly maps each cone of C ∈ ∆ onto a
cone h(C) ∈ ∇. Evidently, hβ is a B-homeomorphism of |∆| = |Φ| onto |∇| = |Ψ|.
Moreover, every linear piece l of hβ can be expressed by a suitable integer d × n
matrix Ml with l(x) = Mlx for all x ∈ Rn . Arguing as in [16, Proposition 2.3],
we can write hβ = tˆ = (tˆ1, . . . , tˆd) for suitable ℓ-group terms ti. Specifically, each
tˆi is expressible as a linear integer combination of ∆-linear support functions ([17,
Definition, p.66]), called “Schauder hats” in [16]. By direct inspection of [16, §2],
each ti is computable from the input data β,∆,∇.
(ii)⇒(iii) Let h be a B-map of |Φ| onto |Ψ|, specified as h = tˆ for a d-tuple
of ℓ-group terms t = (t1, . . . , td), each ti in the variables X1 . . . , Xn. In order to
preliminarily check that tˆ is indeed a B-homeomorphism, we compute a regular
subdivision ∆h of Φ such that h is linear on each cone of ∆h, and h(C) is contained
in some cone of Ψ, for each C ∈ ∆h. For the effective computability of ∆h we may
again refer to the uniform linearization procedure of [16, Lemma 3.7]. Next, using
Lemma 2.1 we check whether the image
h(∆h) = {h(C) | C ∈ ∆h}
is a regular subdivision of Ψ. This is necessary and sufficient for h to be a B-
homeomorphism of |Φ| onto |Ψ|. The inverse map h−1 is linear over each cone
D of h(∆h), and maps D onto a regular cone of ∆h. Upon setting ∆ = ∆h and
∇ = h(∆h), from the primitive generating vectors of the faces of ∆ and ∇ we can
easily transform h into the desired isomorphism β of |∆| onto |∇|. The map t 7→ β
is computable. 
Theorem 3.9 (Undecidability). The following problem is undecidable:
INSTANCE : An ℓ-group term u(X1, . . . , Xk) and an integer l > 0.
QUESTION : Letting 〈uˆ〉 be the ℓ-ideal of Ak generated by uˆ, is the quotient ℓ-group
Ak/〈uˆ〉 ℓ-isomorphic to Al ?
Proof. This is proved in [11, Theorem D], using Lemma 2.4, Beynon’s duality (The-
orem 3.1), and S. P. Novikov’s theorem, [19], [6, §3], on the unrecognizability of the
sphere Sn, for n ≥ 5. 
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4. Proof of Theorem 1.1
Proof. Let tˆ denote the B-map (tˆ1, . . . , tˆn) : R
m → Rn .
Claim 1. An is not ℓ-isomorphic to the ℓ-group gen(tˆ) generated by t1, . . . , tn iff
there is a point x ∈ Rn \ range(tˆ).
If Rn \ range(tˆ) = ∅ then by definition of D, An = D(range(tˆ)) ∼= gen(tˆ), by
Lemma 3.2. Conversely, assume Rn \ range(tˆ) 6= ∅, say x ∈ Rn \ range(tˆ). As in the
proof of Lemma 3.3, we construct a regular fan Λ such that tˆ is linear over each cone
Ci ∈ Λ. Each image tˆ(Ci) coincides with the positive hull of uniquely given integer
vectors that can be computed effectively. Thus we may assume x ∈ Sn−1 ⊆ Rn
without loss of generality. By Lemmas 3.2 and 2.4, µ(D(range(tˆ))) ∼= µ(gen(tˆ)) ∼=
Sn−1\X for some setX ⊆ Sn−1 containing x; further, µ(An) ∼= Sn−1. Observe that
Sn−1 is not homeomorphic to Sn−1\X : as a matter of fact, stereographic projection
from x yields a homeomorphism of Sn−1\{x} onto Rn−1. SinceX ⊆ Sn−1\{x} then
some homeomorphic copy X ′ of X is embedded into Rn−1. But, as is well known,
Sn−1 is not embeddable into Rn−1. We conclude that Sn−1\X is not homeomorphic
to Sn−1. (For details see, e.g., [18, Example 7.2(6), p.180]). It follows that µ(An)
is not homeomorphic to µ(gen(tˆ)). Therefore, An is not ℓ-isomorphic to gen(tˆ).
Claim 1 is settled.
Claim 2. The two ℓ-groups gen(tˆ) and An are ℓ-isomorphic iff there are regular fans
∇ and ∆ with their supports coinciding with range(tˆ) and Rn respectively, such
that their associated abstract simplicial complexes ∆,∇ are isomorphic.
(⇒) From gen(tˆ) ∼= An and gen(tˆ) ∼= D(range(tˆ)) (Lemma 3.2), an application of
Theorem 3.1 yields a B-homeomorphism of range(tˆ) onto Rn . The proof of Lemma
3.8(ii)⇒(iii) shows how to compute regular fans ∆,∇ with |∆| = range(tˆ) and
|∇| = Rn such that ∆ is isomorphic to ∇.
(⇐) Since ∆,∇ are isomorphic, by another application of Lemma 3.8(iii)⇒(ii) we
compute a B-homeomorphism of their respective supports range(tˆ) and Rn . Then
by Theorem 3.1 and Lemma 2.2 we can write gen(tˆ) ∼= D(range(tˆ)) ∼= D(Rn) ∼= An.
Having thus settled Claim 2, we next let the two Turing machines, M and N
run in parallel as follows:
Machine M preliminarily constructs a regular fan ∆ in Rn with |∆| = range(tˆ).
In the light of Lemma 2.1 the construction is effective: since each B-map tˆj is
computable, the homogeneous variant of the triangulation process of [20, §2, p.32]
makes range(tˆ) into a finite union of rational simplicial cones in Rm whose primitive
generating vectors are computable. Next, M enumerates in some prescribed lexi-
cographic order all rational points in Rn , looking for some rational point r ∈ Rn
that does not belong to range(tˆ). The existence of such r is given by a routine
refinement of Claim 1, upon noting that by hypothesis, the range of tˆ is a closed
subset of Rn not coinciding with Rn . Checking whether r belongs to |∆| is an
effective operation: For each (maximal) cone C of ∆, the problem whether r lies
in C amounts to solving a finite number of explicitly given linear inequalities with
rational coefficients. By Claim 1, the existence of such r is a necessary and sufficient
condition for the non-isomorphism of gen(tˆ) and An.
Machine N builds the sequence of all possible pairs of fans (Φi,Ψi) with |Φi| = Rn
and |Ψi| = range(tˆ), as in the proof of Lemma 2.2, following some prescribed lex-
icographic order. Since regularity is decidable (by Lemma 2.1), N simultaneously
generates the subsequence (∇i,∆i) of all pairs of regular fans, with their corre-
sponding abstract simplicial complexes (∇i,∆i). At stage j, N checks whether
there is an isomorphism between ∇j and ∆j . This is carried on by exhaustive
search among all possible one-one maps of the set of primitive generating vectors
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of cones of ∇j onto the set of primitive generating vectors of cones of ∆j . By
Claim 2, the existence of an isomorphism between ∇j and ∆j for some j, is a nec-
essary and sufficient condition for the ℓ-groups gen(tˆ(X1, . . . , Xn)) and An to be
ℓ-isomorphic.
Precisely one of the competing machinesM andN will stop after a finite number
of steps. In this way we get the desired decision procedure for the problem of
Theorem 1.1, and complete its proof. 
5. Proof of Theorem 1.2
Proof. By way of contradiction, assume the decidability of the problem
gen(tˆ1(X1, . . . , Xm), . . . , tˆn(X1, . . . , Xm)) ¿∼=? Al (10)
of Theorem 1.2. A contradiction will be obtained by defining a (Turing) reduction
to Problem (10) of the undecidable problem
Ak/〈uˆ(X1, . . . , Xk)〉 ¿∼=? Al (11)
of Theorem 3.9. To this purpose we first prove the following parametrization result:
Claim: The zeroset Zuˆ coincides with the support of some regular fan ∆, and is
B-homeomorphic to the range of a B-map h : Rk → Rk whose range coincides with
the support of some regular fan ∇.
The first statement follows from Lemma 3.3. Next, for the construction of the
B-map h, Theorem 3.5 shows that the k-generator projective ℓ-group Ak/〈uˆ〉 ∼=
Ak |`Zuˆ is ℓ-isomorphic to a retract H of Ak. Thus for some idempotent endo-
morphism h = (h1, . . . , ht) : Ak → Ak we can write H = gen(h1, . . . , ht) ⊆ Ak.
By Lemma 3.2, from the isomorphisms Ak |`Zuˆ ∼= Ak/〈uˆ〉 ∼= H ∼= gen(h) ∼=
D(range(h)) we get an isomorphism φ : Ak |`Zuˆ ∼= D(range(h)). Recalling the nota-
tion (7), Theorem 3.1 yields the B-homeomorphism D(φ) of range(h) onto Zuˆ. By
Lemma 3.4 there is a regular fan ∇ whose support coincides with range(h). This
settles our claim.
To conclude the proof, let Turing machine E enumerate all k-tuples s1, s2, . . . of
ℓ-group terms in k variables X1, . . . , Xk and check, for any such st = (st1, . . . , stk)
whether the zeroset Zuˆ is B-homeomorphic to range(sˆt) ⊆ Rk. For each t =
1, 2, . . ., this B-homeomorphism problem is recursively enumerable. Indeed, in view
of Lemma 3.8, we may suppose that, for each t, E also enumerates all pairs of
regular fans Φti with support range(sˆt) and Ψti with support Zuˆ until two fans
are found whose combinatorial counterparts Φti,Ψti are isomorphic—which can be
decided by exhaustive search. By our claim, for some t∗ and i∗, a k tuple st∗ of
ℓ-group terms and a pair Φt∗i∗ ,Ψt∗i∗ of regular fans will be found, together with
an isomorphism ηt∗i∗ of the two abstract simplicial complexes Φt∗i∗ ,Ψt∗i∗ . This
ensures the termination of machine E .
Once the desired k-tuple st∗ is found out (along with the triple ηt∗i∗ , Φt∗i∗ ,Ψt∗i∗
certifying the B-homeomorphism of range(sˆt∗) and Zuˆ), by Theorem 3.1 and Lemma
3.2 we can write
Ak ⊇ gen(sˆt∗) ∼= D(range(sˆt∗)) ∼= D(Zuˆ) ∼= Ak/〈uˆ〉.
As a consequence, the answer to question (11) is equal to the answer to the question
gen(sˆt∗) ¿∼=? Al. The latter is decidable by our absurdum hypothesis. This yields
the decidability of question (11), in contradiction with Theorem 3.9. 
10 DANIELE MUNDICI
6. Proof of Corollary 1.3, Concluding Remarks and a Problem
We first prove that every finitely generated free ℓ-group G is hopfian, in the sense
that every surjective ℓ-endomorphism of G is injective. This is the ℓ-group-theoretic
counterpart of a well known basic property of many important classes of structures,
[7, 13, 14].
Proposition 6.1. Let η be an ℓ-homomorphism of An onto An. Then η is one-one.
Proof. The set {g1, . . . , gn} = {η(π1), . . . , η(πn)} generates An. η is the unique ℓ-
homomorphism of An onto An extending the map πi 7→ gi, (i = 1, . . . , n). For each
l ∈ An, η(l) = l ◦ (g1, . . . , gn) = l ◦ g. If (absurdum hypothesis) η is not one-one,
there is 0 6= f ∈ An such that 0 = η(f) = f ◦ g. Pick x ∈ Rn such that f(x) 6= 0.
Since f is a B-map we may safely assume x ∈ Sn−1. Since f constantly vanishes
over range(g) then x /∈ range(g). By Lemmas 2.4 and 3.2, we have homeomorphisms
µ(An) ∼= Sn−1 along with
µ(gen(g)) ∼= µ(D(range(g))) ∼= range(g) ∼= Sn−1 \X
for some set X ⊆ Rn containing x. We have already noted ([18, p.180]) that Sn−1
is not homeomorphic to Sn−1 \ X . As a consequence, the ℓ-group gen(g) is not
ℓ-isomorphic to An, whence a fortiori {g1, . . . , gn} is not a generating set of An, a
contradiction. 
Conclusion of the proof of Corollary 1.3.
Claim. The following conditions are equivalent:
(i) {tˆ1, . . . , tˆn} is a free generating set of gen(tˆ);
(ii) gen(tˆ) is ℓ-isomorphic to An.
(i)⇒(ii) As is well known, up to ℓ-isomorphism there is a unique free n-generator
ℓ-group.
(ii)⇒(i) By hypothesis, gen(tˆ) has a free generating set {h1, . . . , hn}. The map
hi 7→ tˆi, (i = 1, . . . , n) uniquely extends to an ℓ-endomorphism ψ of gen(tˆ). By
definition of gen(tˆ), ψ is onto gen(tˆ). Proposition 6.1 (with gen(tˆ) in place of An,
and ψ in place of η) ensures that ψ is one-one, whence it is an ℓ-automorphism of
gen(tˆ). As an ℓ-isomorphic copy (via ψ) of the free generating set {h1, . . . , hn}, the
set {tˆ1, . . . , tˆn} itself is free generating in gen(tˆ).
Having thus settled our claim, the problem whether {tˆ1, . . . , tˆn} is a free generat-
ing set of gen(tˆ) has the same answer as the problem whether gen(tˆ) is ℓ-isomorphic
to An. The latter problem is decidable, by Theorem 1.1. 
∗ ∗ ∗
In this paper every n-generator ℓ-subgroup G of a free ℓ-group Am has been
coded by ℓ-group terms ti(X1, . . . , Xm), (i = 1, . . . , n) denoting a generating set
{tˆ1, . . . , tˆn} of G. This coding is no less expressive than the traditional one—where
G is presented as a principal quotient of a free ℓ-group. Further, the ℓ-group terms
ti provide a convenient method of presenting rational polyhedra as finite strings
of symbols. As a matter of fact, letting the map tˆ : Rm → Rn be defined by
tˆ = (tˆ1, . . . , tˆn), the set
Ptˆ = range(tˆ) ∩ bd[−1, 1]
n
is the most general rational polyhedron in Rn with dimension ≤ n − 1, (Theorem
3.1, Lemma 3.3).
Given generators t1, . . . , tn, the recognition problem of the ℓ-group G, (resp., of
the dual rational polyhedron Ptˆ) depends on three parameters:
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(i) The dimension of the ambient space Rn of range(tˆ), i.e., the number of
terms ti;
(ii) The dimension m of the domain Rm of the parametrization tˆ, i.e., the
number of variables of each ti;
(iii) The dimension l − 1 of the sphere to which range(tˆ) is compared, or the
number l of free generators of the free ℓ-group Al to which G is compared.
Depending on these parameters we get nontrivial undecidability and (surprisingly
enough) decidability results for recognition and isomorphism problems of the ra-
tional polyhedra Ptˆ, involving the fine structure of finitely generated projective
ℓ-groups, their maximal spectral spaces, and their associated regular fans. Remarks
3.6, 3.7, as well as 6.3 below, discuss the interplay between n,m, l.
Problem 6.2. Fix n = 1, 2, . . . , and let Pn be the following problem:
INSTANCE : ℓ-group terms t1, . . . , tn+1 in the same variables X1, . . . , Xn.
QUESTION : Is An ℓ-isomorphic to the ℓ-group generated by tˆ1, . . . , tˆn+1?
For which n is Pn decidable?
Remark 6.3. Lemma 3.2 yields homeomorphisms
µ(D(range(tˆ))) ∼= µ(gen(tˆ1, . . . , tˆn+1)) ∼= range(tˆ).
Thus by Theorem 3.1, problem Pn calls for a mechanical method to decide whether
or not the maximal spectral space µ(gen(tˆ)) = µ(gen(tˆ1, . . . , tˆn+1)) is homeomor-
phic to the sphere Sn−1, or else, a proof that such method does not exist. By Lemma
2.4 we are left with the following equivalent geometric counterpart of problem Pn:
range(tˆ) ∩ bd[−1, 1]n+1 ¿∼=? Sn−1.
Pn is trivially decidable for n = 1, 2. P3 is decidable, upon recalling that the 2-
sphere is only surface with Euler characteristic 2. The decidability of P4 follows
from the recognizability of the 3-sphere, a highly nontrivial result, [21], [15].
For n ≥ 5, the literature is of little help to get a decidability result for Pn. Quite
the contrary, one might conjecture that Pn has a negative solution, at least for
n > 5, as a consequence of Novikov’s unrecognizability theorem for Sn−1, [6, 19].
And yet, Pn has two special properties: range(tˆ) is automatically constrained to
live in (n+ 1)-space by the parametric map tˆ = (tˆ1, . . . , tˆn+1), and its intersection
with bd[−1, 1]n+1 is to be compared with Sn−1.
For Problem 6.2 and its variants, knowledge of the dimension r of the ambient
space where range(tˆ) lives, and of the difference between r and the dimension of
the sphere to be compared with range(tˆ)∩ bd[−1, 1]r, may turn out to be decisive.
Thus the dovetailing construction in the proof of Theorem 1.1 yields the decidability
of the problem
range(tˆ) ∩ bd[−1, 1]n ¿∼=? Sn−1, (12)
for all n, independently of the dimension m of the domain of the parametrization
tˆ = (tˆ1, . . . , tˆn) of range(tˆ). On the other hand, the geometric counterpart of
Theorem 1.2 states the undecidability of (12) when Sn−1 is replaced by an arbitrary
lower-dimensional sphere Sl.
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